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The measures of distances between points in a Hilbert space are one of the basic theoretical con-
cepts used to characterize properties of a quantum system with respect to some etalon state. These
are not only used in studying fidelity of signal transmission and basic quantum phenomena but also
applied in measuring quantum correlations, and also in quantum machine learning. The values of
quantum distance measures are very difficult to determine without completely reconstructing the
state. Here we demonstrate an interferometric approach to measuring distances between quantum
states that in some cases can outperform quantum state tomography. We propose a direct exper-
imental method to estimate such distance measures between two unknown two-qubit mixed states
as Uhlmann-Jozsa fidelity (or the Bures distance), the Hilbert-Schmidt distance, and the trace dis-
tance. The fidelity is estimated via the measurement of the upper and lower bounds of the fidelity,
which are referred to as the superfidelity and subfidelity, respectively. Our method is based on the
multiparticle interactions (i.e., interference) between copies of the unknown pairs of qubits.
PACS numbers: 03.67.Mn, 03.65.Ud, 42.50.Dv
I. INTRODUCTION
In classical [1] as well as in quantum [2, 3] communi-
cation theories the measures of distance between states
quantify the accuracy of signal transmission through an
imperfect communication channel. Here we focus on the
problem of measuring or estimating three of the most
popular distances by performing less measurements than
required when applying full quantum state tomography.
We discuss the problem on the example of a two-qubit
states, which is of great significance to modern-day ap-
plications of quantum information processing. However,
our method can be directly extended to be applicable to
more complex systems or possibly other distance mea-
sures. We focus on the analysis of nonlinear properties
of two-qubit states because they play an important role
in quantum protocols exploiting quantum correlations.
Thus, establishing methods of testing various properties
of these states is well motivated. This is especially impor-
tant for photonic qubits since photons are typical carriers
of quantum information used in quantum communication
protocols.
The most popular signal quality quantifier is Uhlmann-
Jozsa fidelity, which is also referred to as the Uhlmann
transition probability. It is commonly applied in quan-
tum optics, quantum information, and condensed-matter
physics. The fidelity of two mixed quantum states repre-
sented by density matrices ρ1 and ρ2, which can represent
input and output states of a transmission line, was de-
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fined by Uhlmann [4] and Jozsa [5] as:
F (ρ1, ρ2) ≡
[
Tr
(√√
ρ1ρ2
√
ρ1
)]2
. (1)
This quantity is also referred to as the Uhlmann tran-
sition probability [4]. Note that the alternative defini-
tion given by Nielsen and Chuang [2] is denoted as
√
F
and is sometimes also called fidelity. Some of its im-
portant properties were studied, e.g., in Refs. [4–7]. Fi-
delity can be used to construct Bures metric [8], which
defines distance between density matrices of quantum
states. The Bures metric is equal to Fubini-Study met-
ric [16] when considering only pure states. It is be-
ing used to quantify, e.g., a degree of quantum entan-
glement [9, 10] (e.g., in quantum phase transitions), a
degree of polarization [11–14], and nonclassicality [15].
The fidelity is related to square of Bures metric by
D2B(ρ1, ρ2) = 2[1−
√
F (ρ1, ρ2)].
Another popular metric is the trace distance. It pro-
vides information about statistical distinguishability be-
tween two states. The trace distance is defined for Her-
mitian density matrices as
T (ρ1, ρ2) =
1
2Tr
(√
(ρ1 − ρ2)2
)
= 12
∑
i=1
|λi|, (2)
where λi are the eigenvalues of the Hermitian matrix
(ρ1−ρ2). This measure due to being Euclidean has intu-
itive geometric properties that can be utilized in depict-
ing relations between quantum states (see, e.g., Ref. [17])
Trace distance of two mixed states is related to the
fidelity by the following inequalities
1− F (ρ1, ρ2) ≤ T (ρ1, ρ2) ≤
√
1− F (ρ1, ρ2)2. (3)
When ρ1 and ρ2 are pure states the upper bound on T
is saturated.
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2The last measure that we study in this paper is the
Hilbert-Schmidt distance defined as
H(ρ1, ρ2) =
√
Tr
(
ρ1 − ρ2
)2
, (4)
which is related to trace distance via Cauchy-Schwartz
inequality, i.e, 0 ≤ H(ρ1, ρ2) ≤ 2T (ρ1, ρ2).
The problem that we tackle in this paper is how to effi-
ciently measure distances in Hilbert space. A natural so-
lution is to perform complete quantum state tomography
of ρ1 and ρ2, then to calculate a given distance measure,
including the ones considered above. As we demonstrate
here, this solution cab be inefficient because in some
cases it requires measuring redundant information and
the number of measurements grows exponentially with
the dimension of the Hilbert space. Full quantum to-
mography in some cases can also lead to negative density
matrices which require further postprocessing in order
to represent physical systems. This problem depends on
the uncertainty of the collected data and on the error-
robustness of a specific tomographic protocol [17, 18].
The direct calculation of fidelity via Eq. (1) for mixed
states can be a challenging task. Examples of analytic
formulas for calculating fidelity were be found, e.g., for
single-qubit states [3] and multimode Gaussian fields [19].
Here, we propose an interferometric approach for direct
and efficient measurement of the overlaps defined as
On(ρ1, ρ2) = Tr[(ρ1ρ2)
n] (5)
or O(ρ1, ρ2, ) = Tr(ρ1ρ2) for n = 1, that can be used
directly to express trace distance, Hilbert-Schmidt dis-
tance, and sub- and superfidelities. Which are, re-
spectively, the lower and upper bounds on the fidelity
F (ρ1, ρ2) [7, 20]. Note that the first-order overlap
O(ρ1, ρ2) becomes purity χ for ρ1 = ρ2. These over-
laps can be interpreted as interaction of two or four
particles if the states ρn (n = 1, 2) represent pairs of
qubits. Quantum circuts for measuring overlaps can be
also designed using the method of Ekert et al. [21] based
on programmable quantum networks with the Fredkin
(controlled-SWAP) gates [22–27]. Both our and the Ek-
ert et al. methods can be applied to design setups for
measuring linear and nonlinear functionals of arbitrary
states. It was shown tehoretically by Miszczak et al. [7]
that the network method enables measuring the first- and
second-order overlaps between a pair of two-qubit states
for the estimation of their fidelity bounds. In this work,
we apply a purely algebraic method for estimating some
second order overlaps of arbitraty two-qubit states and
discuss an experimentally-friendly linear-optical imple-
mentation. As in Refs. [7, 21] we assumed that we have
access to copies of a given quantum state, which can be
implemented either by producing two identical states si-
multaneously, or by storing the state produced earlier in
order to measure it together with the second copy of the
state available later.
We note that some experimental demonstrations of di-
rect measurements of fidelity of single qubits was already
reported by Du et al. [28], Bovino et al. [29] and Adam-
son [30]. Moreover, fully-entangled fraction, which is di-
rectly related to maximum fidelity of two-qubit state with
respect to a maximally entangled state, was measured
in Ref. [31]. Theoretical works relevant to measuring
purity and overlaps of two quantum states include,e.g.,
Refs. [32, 33]. These results can be applied to measuring
sub- and superfidelities, which can be also measured and
as described by [7] by following the approaches of Ekert
et al. [21] and Bovino et al. [29]. The method presened
here for the experimental measurements of the first- and
second-order overlaps are inspired by the method for the
measurement of nonclassical correlations described in de-
tail in Ref. [34], which can be also used for measuring,
e.g., a degree of the CHSH inequality violation [31, 35]. In
contrast to previous proposals, our method is devised for
easy experimental implementation on the platform of lin-
ear optics as it requires only trivial two-qubit manipula-
tions implemented for instance by a simple beam splitter.
It can also be quickly tested with hyper-entangled pho-
tons (see, e.g., Ref. [36]) because the required operations
are then a mere deterministic single-photon projections.
This article is organized as follows: In Sec. II, we ex-
press the analyzed distance measures in terms of many-
particle overlaps. In Sec. III, we describe efficient meth-
ods for measuring the first-and second-order overlaps.
We conclude in Sec. IV.
II. DISTANCE MEASURES IN TERMS OF
MANY-PARTICLE INTERFERENCE
The density matrix of a two-qubit (quartit) system can
be expressed in the Bloch representation using Einstein
summation convention as
ρ = 14Rmn σm ⊗ σn. (6)
Here, Rmn = Tr(ρσm ⊗ σn) are the elements of cor-
relation matrix and σm, σn the Pauli matrices with
m,n = 0, ..., 3,, and σ0 = I denotes the identity operator.
Note that a single-qubit density matrix can be obtained
after tracing out the other qubit from the two-qubit den-
sity matrix, which results in
ρa =
1
2Rm0 σm, and ρb =
1
2R0m σm. (7)
To make our considerations less abstract let us assume
that a qubit is encoded as polarization degree of freedom
of a single, i.e., σ3 = |H〉〈H| − |V 〉〈V |, where H and V
correspond to horizontal and vertical polarizations, re-
spectively.
A. Fidelity, superfidelity, and subfidelity
One can express the fidelity of single-qubit density ma-
trices ρa and ρb as
F (ρa, ρb) = O(ρa, ρb) +
√
SL(ρa)SL(ρb), (8)
3where the SL(ρ) = 1 − χ(ρ) = 1 − O(ρ, ρ) is linear
entropy (linear approximation to the von Neumann en-
tropy), which can be directly measured by the method
proposed in this article.
For two-qubit and higher-dimensional density matrices
the situation becomes quite complicated. However, to
estimate F using a finite number of overlaps we can use
its upper and lower bounds given by Miszczak et al.in
Ref. [7]:
E(ρ1, ρ2) ≤ F (ρ1, ρ2) ≤ G(ρ1, ρ2). (9)
The lower and upper bounds are referred to as the sub-
fidelity and superfidelity and are defined as
E(ρ1, ρ2) = O(ρ1, ρ2)
+
√
2[O2(ρ1, ρ2)−O2(ρ1, ρ2)], (10a)
G(ρ1, ρ2) = O(ρ1, ρ2) +
√
SL(ρ1)SL(ρ2). (10b)
To measure these bounds, the first-order overlap, the
second-order overlap and the linear entropies (purities)
have to be measured. If one or both states ρ1, ρ2 are
pure, the fidelity is equal to first-order overlap O(ρ1, ρ2).
Measuring the first-order overlaps O(ρ1, ρ2), χ(ρ1) =
O(ρ1, ρ1), and χ(ρ2) = O(ρ2, ρ2) is enough for the de-
termination of the superfidelity G(ρ1, ρ2). If it is known
than one of the states is pure, then we do not need to
proceed with estimating the subfidelity because in this
case we already have all the data needed for calculating
the fidelity F (ρ1, ρ2) = O(ρ1, ρ2). In the simplest qubit
case, the superfidelity and fidelity are equivalent, i.e.,
G(ρ1, ρ2) = F (ρ1, ρ2) and no further work is required for
estimating the fidelity. However, in the case of quartits
one also has to estimate the subfidelity E(ρ1, ρ2) to know
in what range is the fidelity F (ρ1, ρ2). The only missing
quantity needed for estimating the subfidelity E(ρ1, ρ2)
is the second-order overlap O2(ρ1, ρ2), which depends on
the Hilbert-space dimension of a given system (i.e., qubit
or quartit) and requires from four to eight photons.
B. Trace distance
As stated in Eq. (2), the trace distance equals to the
half of the sum of eigenvalues for the Hermitian matrix
Λ = ρ1 − ρ2. These eigenvalues can be calculated by
using the Cayley-Hamilton theorem [37], thus solving the
characteristic equation p(Λ) = 0, which for the 4 × 4
matrix reads
p(Λ) = Λ4 − 12Π2Λ2 − 13Π3Λ + I4det(Λ) = 0, (11)
where det(Λ) = 14 (
1
2Π
2
2 − Π4) and Πn = Tr(Λ)n =
Tr(ρ1 − ρ2)n. Then the roots of Eq. (11) are the eigen-
values λ [see Eq. (2)] of the matrix Λ. The moments Πn
can be decomposed into measurable overlaps simply by
expanding Πn, i.e.,
Π1 = 0, (12a)
Π2 = O(ρ1, ρ1) +O(ρ2, ρ2)− 2O(ρ1, ρ2), (12b)
Π3 = O(ρ
2
1, ρ1)−O(ρ22, ρ2)
+3[O(ρ22, ρ1)−O(ρ21, ρ2)], (12c)
Π4 = O2(ρ1, ρ1) +O2(ρ2, ρ2)− 2O2(ρ1, ρ2)
+4O(ρ21, ρ
2
2) + 4[O(ρ
3
2, ρ1)−O(ρ31, ρ2)]. (12d)
Thus, if we consider optical implementation it is neces-
sary to work with four to eight photons.
C. Hilbert-Schmidt distance
It is now easy to see that the Hilbert-Schmidt distance
within our framework can be expressed via first-order
overlaps (i.e., two-particle interference) as
H(ρ1, ρ2) =
√
O(ρ1, ρ1) +O(ρ2, ρ2)− 2O(ρ1, ρ2). (13)
This makes it the simplest quantity to measure of the
three considered metrics as in the case of two-qubit
states, it requires working only with four photons.
D. Two-particle overlap
Let us first recall (see Ref. [33]) how the first-order
overlap O(ρ1, ρ2) [or purities O(ρ1, ρ1) and O(ρ2, ρ2)] can
be observed directly if one possesses two copies of the
system. For two-qubit states the first-order overlap (pu-
rity)can be expressed as
O(ρ1, ρ2) =
1
16R
(1)
mnR
(2)
kl Tr[(σmσk)⊗ (σkσl)]
= 14R
(1)
mnR
(2)
mn (14)
where
R(1)mn = Tr[(σm ⊗ σn)ρ1], (15a)
R(2)mn = Tr[(σm ⊗ σn)ρ2]. (15b)
To derive this relation we applied basic properties of
Pauli algebra, i.e.,
σaσb = iεabcσc + δabσ0, and Tr(σaσb) = 2δab, (16)
where i is imaginary unit, a, b, c = 0, 1, 2, 3, δab is the
Kronecker delta. The Levi-Civita symbol εabc is zero,
if the at least two indexes are equal or abc = 0. By
expressing a product traces as a trace of a tensor product
we obtain
O(ρ1, ρ2) =
1
4Tr[(σm ⊗ σn ⊗ σm ⊗ σn)(ρ1 ⊗ ρ2)]
= 14Tr[(σm ⊗ σm)⊗ (σn ⊗ σn)(ρ1 ⊗ ρ2)′]
= 14Tr[(Va1a2 ⊗ Vb1b2)′(ρ1 ⊗ ρ2)], (17)
where V = σmσm = 2I − 4|Ψ−〉〈Ψ−|, |Ψ−〉 is the sin-
glet state, and (ρ1 ⊗ ρ2)′ = Sa2b1(ρ1 ⊗ ρ2)Sa2b1 , where
4Sa2b1 = I ⊗ S ⊗ I is unitary matrix swapping modes b1
and a2. Within this framework it is possible to introduce
the Hermitian overlap operator O measured on ρ1 ⊗ ρ2,
i.e,
O = Sa2b1Va1a2Vb1b2Sa2b1 . (18)
Measuring the purity or first-order overlp can be per-
formed by measuring a product of two V operators,
which was shown in Ref. [34] can be experimentally im-
plemented within the framework of linear optics. Al-
ternatively, one can directly perform projections on the
maximally entangled states by using wave-plates, a beam
splitter and a pair of single-photon detectors (see, e.g.,
Refs. [17, 18]).
E. Four-particle overlap
Here we describe the main result of our paper, i.e., the
second order overlap for four-particle interference that
are necessary to measure subfidelity E given in (10a) and
trace distance T defined in (2). Note that, we can use
the same reasoning as in this case to discuss lower-order
interactions by preparing one or more of the particles in a
completely mixed state. To develop to only multi-particle
Hong-Ou-Mandel interference based method of measur-
ing the the second order overlap we have applied the pro-
cedure described below. The calculations are nontrivial
as they require utilizing a number of algebraic properties
and because of the complexity of the problem we also
used a computer algebra system [38]. Let us start with
expressing a product of two density matrices as
ρ1ρ2 =
1
16R
(1)
mnR
(2)
kl (σmσk)
(1) ⊗ (σnσl)(2). (19)
Now, the second order overlap can be expressed as
Tr(ρ1ρ2)
2 = Tr[S(ρ1ρ2)
(12) ⊗ (ρ1ρ2)(34)], (20)
where the shift operator reads
S = S23S34S12S23. (21)
Thus, using the cyclic property of trace we have
Tr(ρ1ρ2)
2 = 2−8R(1)mnR
(2)
kl R
(1)
xyR
(2)
rs Tr[S
′(σmσk)(1)
⊗(σxσr)(2) ⊗ (σnσl)(3)(σrσs)(4)], (22)
where S′ = S34S12, S12 = 1 − 2P−12, S23 = 1 − 2P−23,
and P− = 14 (1− σi ⊗ σi). Further transforming the shift
operator S′ results in
S′ = 14 (1−σ(1)i ⊗σ(2)i −σ(3)j ⊗σ(4)j +σ(1)i ⊗σ(2)i ⊗σ(3)j ⊗σ(4)j ).
(23)
Hence, we can express the overlap as
Tr(ρ1ρ2)
2 = 2−10R(1)mnR
(2)
kl R
(1)
xyR
(2)
rs Tr[(1− σ(1)i ⊗ σ(2)i
−σ(3)j ⊗ σ(4)j + σ(1)i ⊗ σ(2)i ⊗ σ(3)j ⊗ σ(4)j )
×(σmσk)(1) ⊗ (σxσr)(2) ⊗ (σnσl)(3)(σrσs)(4)]
(24)
or equivalently as
Tr(ρ1ρ2)
2 = R(1)mnR
(2)
kl R
(1)
xyR
(2)
rs [A1−A2−A3 +A4] (25)
where the sate-independent tensors read as
A1 = 2
−10δmkδxrδnlδys, (26a)
A2 = 2
−6
(
δ(3)rx δ
(3)
mk + δ
(3)
mxδ
(3)
rk − δ(3)mrδ(3)kx
+δ(3)mrδk0δx0 + δ
(3)
kx δr0δm0 + δ
(3)
kr δm0δx0
+δ
(3)
mkδr0δx0 + δ
(3)
rx δk0δm0 + δk0δm0δx0δr0
)
, (26b)
A3 = 2
−6
(
δ(3)sy δ
(3)
nl + δ
(3)
ny δ
(3)
sl − δ(3)ns δ(3)ly
+δ(3)ns δl0δy0 + δ
(3)
ly δs0δn0 + δ
(3)
ls δn0δy0
+δ
(3)
nl δs0δy0 + δ
(3)
sy δl0δn0 + δl0δn0δy0δs0
)
, (26c)
A4 = 2
−10(δ(3)imδk0 + δ
(3)
ik δm0 + δ
(3)
mkδi0 + δi0δm0δk0
+imki)× (δ(3)ix δr0 + δ(3)ir δx0 + δ(3)xr δi0
+δi0δx0δr0 + ixri)× (δ(3)jn δl0 + δ(3)jl δn0 + δ(3)nl δj0
+δj0δn0δl0 + inlj)× (δ(3)jy δs0 + δ(3)js δy0 + δ(3)sy δj0
+δj0δs0δy0 + iysj). (26d)
The resulting expressions are rather complex as they de-
scribe 2-, 3-, and 4-particle interactions. However, due
to the properties of Pauli algebra, we can express the
final outcome as a polynomial of 2-particle interactions
that can be implemented in an optical setup by Hong-Ou-
Mandel antibunching events. Remarkably, we can sim-
plify the resulting expression for the second order overlap
so that it is given by a small number of terms by ob-
serving that matrix multiplication of the form R
(1)
mnR
(2)
nk
corresponds to measuring singlet projection R
(1)
mnR
(2)
nk =
Tr[(ρ1 ⊗ ρ2)σ(1a)m ⊗ σ(2b)k ⊗ (1 − 4P−1b2a)] = Tr[(ρ1 ⊗
ρ2)σ
(1a)
m ⊗ σ(2b)k ] − 4Tr[(ρ1 ⊗ ρ2)σ(1a)m ⊗ σ(2b)k ⊗ P−1b2a].
This expression for R
(1)
mnR
(2)
nk can be represented graphi-
cally as presented in Fig. 1. In similar manner (with help
of computer algebra program [38]), by using Eq. (25) the
expression for the four-particle overlaps can be written
as
O(ρ31, ρ1) = Tr(ρ1ρ1ρ1ρ1) =
~θ(1111) · ~x, (27a)
O(ρ31, ρ2) = Tr(ρ1ρ1ρ1ρ2) =
~θ(1112) · ~x, (27b)
O(ρ21, ρ
2
2) = Tr(ρ1ρ1ρ2ρ2) =
~θ(1122) · ~x, (27c)
O2(ρ1, ρ2) = Tr(ρ1ρ2ρ1ρ2) = ~θ
(1212) · ~x, (27d)
O(ρ1, ρ
3
2) = Tr(ρ1ρ2ρ2ρ2) =
~θ(1222) · ~x, (27e)
O(ρ2, ρ
3
2) = Tr(ρ2ρ2ρ2ρ2) =
~θ(2222) · ~x, (27f)
where ~θ(n) for n = 1111, 1112, 1122, 1212, 1222, 2222 are
vectors of state-independent coefficients (for their explicit
form Tab. III) and components of ~x are given in Tab. I.
Note that in the second overlap used to estimate subfi-
delity is given by ~θ(1212). Remarkably, the moments Πn
5FIG. 1. (color online) The complete set of 63 graphs representing the singlet projections needed for measuring all relevant
four-particle interactions. The pairs of gray or white vertices denote the modes forming a copy of ρ1 or ρ2 state, respectively.
The red (dark) lines mark the singlet projections (Hong-Ou-Mandel antibunching events).
can be also expressed as similar dot-products, i.e.,
Π2 = Tr(ρ1 − ρ2)2 = ~β(2) · ~x, (28a)
Π3 = Tr(ρ1 − ρ2)3 = ~β(3) · ~x, (28b)
Π4 = Tr(ρ1 − ρ2)4 = ~β(4) · ~x. (28c)
All three ~β(n) vectors can be found in Tab. II. To obtain
these final expressions we have summed the equivalent
graphs and factorized the remaining unique graphs (see
elements of ~x in Tab. I and gn shown in Fig. 1). Note that
the number of measurements gn needed to determine ~x is
63. The number of measurements (projections) required
to perform full two-qubit tomography for two arbitrary
two-qubit states (30 projections per state).
III. DESIGNING A MULTIPARTICLE
INTERFEROMETER
A. Hilbert-Schmidt distance
Our results can be used in practice. In an experiment
designed to measure Hilbert-Schmidt metrics we would
6TABLE I. Components of vector ~x given in terms of 63 measurement outcomes gn shown in Fig. 1.
n xn n xn n xn n xn n xn n xn n xn n xn
1 1 23 g21 45 g1g3g9 67 g38 89 g
2
18 111 g
3
1g9 133 g12g13 155 g
2
24
2 g2 24 g22 46 g1g6g9 68 g39 90 g9g34 112 g
2
1g18 134 g1g
3
9 156 g59
3 g4 25 g3g6 47 g1g
2
9 69 g9g21 91 g45 113 g1g9g26 135 g
2
9g18 157 g
2
26
4 g7 26 g3g9 48 g1g18 70 g40 92 g46 114 g1g34 136 g1g9g30 158 g60
5 g8 27 g23 49 g1g27 71 g41 93 g47 115 g13g24 137 g9g38 159 g
2
10
6 g10 28 g24 50 g1g20 72 g10g24 94 g24g29 116 g51 138 g13g29 160 g10g12
7 g12 29 g4g10 51 g1g22 73 g12g24 95 g
2
9g26 117 g18g26 139 g56 161 g
2
12
8 g1g9 30 g4g12 52 g1g30 74 g4g29 96 g26g30 118 g9g50 140 g18g30 162 g
2
9g11
9 g1g6 31 g25 53 g
2
1g11 75 g42 97 g1g5 119 g52 141 g1g55 163 g9g54
10 g1g11 32 g26 54 g2g13 76 g9g25 98 g48 120 g9g11 142 g57 164 g10g29
11 g1g3 33 g5g9 55 g7g13 77 g9g26 99 g2g4 121 g53 143 g
2
4 165 g12g29
12 g21 34 g5g11 56 g31 78 g11g26 100 g4g7 122 g2g10 144 g4g8 166 g11g30
13 g13 35 g27 57 g32 79 g5g
2
9 101 g49 123 g7g10 145 g
2
8 167 g61
14 g14 36 g6g9 58 g33 80 g5g30 102 g2g8 124 g54 146 g
2
1g5 168 g
4
9
15 g15 37 g28 59 g3g18 81 g8g29 103 g7g8 125 g2g12 147 g1g49 169 g
2
9g30
16 g16 38 g
2
7 60 g6g18 82 g
2
1g
2
9 104 g
3
1 126 g7g12 148 g4g24 170 g9g55
17 g17 39 g8g10 61 g9g18 83 g1g9g18 105 g1g26 127 g
3
9 149 g8g24 171 g
2
29
18 g22 40 g8g12 62 g34 84 g1g38 106 g2g24 128 g9g30 150 g5g26 172 g62
19 g2g7 41 g
2
9 63 g35 85 g
2
1g30 107 g7g24 129 g2g29 151 g58 173 g
2
30
20 g18 42 g29 64 g36 86 g
2
13 108 g4g13 130 g7g29 152 g
4
1 174 g63
21 g19 43 g30 65 g9g19 87 g43 109 g50 131 g10g13 153 g
2
1g26
22 g20 44 g
2
1g9 66 g37 88 g44 110 g8g13 132 g55 154 g1g50
use two copies of both states. The original state is en-
coded as two-photon polarization, while the copy is en-
coded into spatial degree of freedom. By using this ap-
proach we are able to implement all the measurements
required for determining Π2, which correspond to gn for
n = 2, 4, 7, 8, 10, 12, 13, 24, 29. This is because ~x measure-
ments corresponding to nonzero elements of ~β(2) can be
expressed as products of other measurements making the
number of the prime measurements as low as 9. For ~β(2)
the nonzero elements are β
(2)
2 = 4, β
(2)
3 = −2, β(2)4 = 4,
β
(2)
5 = −2, β(2)6 = −2, β(2)7 = −2, β(2)13 = −8, β(2)28 = 4,
β
(2)
42 = 4. Note that it is sufficient to design an interferom-
eter corresponding to the most complex graphs g13, g24,
and g29 as the less complex graphs are measured if the
singlet projection is replaced by identity operation (i.e.,
intensity measurement). Hence, Π2 can be measured in a
6-photon-pair interferometric configuration in for n = 1
associated with the projective measurements g13, g24, g29,
where 6 photon pairs are used and V operators are mea-
sured instead of singlet projections. At the same time,
while using only 6 photon pairs it is possible to access
only 6 out of 30 parameters of density matrices. This
demonstrates the superior performance (in terms of the
number of measured parameters) of the interferometric
method with respect to the tomographic approach.
B. Fidelity, subfidelity, and superfidelity
We can apply our results to design an experiment
aimed at measuring subfidelity G. As it follows
from Eq. (10b) in addition to measuring first-order
overlap, the second order overlap O2(ρ1, ρ2) needs
to be measured. Within our framework of singlet
projections, superfidelity can be measured as described
in Ref. [33]. However, the method for measuring
subfidelity presented in in Ref. [33], does not utilize
simple antibunching events and may be problematic
in implementation. Here, present an alternative so-
lution which is free of this shortcoming. The set of
measurements needed to estimate O2 corresponds to
antibunching events shown in Fig. 1 , where gn for n =
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 18, 19, 20, 21, 22,
24, 25, 26, 27, 29, 30, 31, 32, 33, 34, 35, 37, 38, 39, 41, 42, 43,
44, 45, 46, 47, This makes the total number of required
projections equal to 41. However, after closer exam-
ination, we see that all the required quantities can
be measured in in 4-photon-pair interferometric con-
figurations in for n = 1, 2, 3, 4, 5, 6, 7, 8, 9 associated
with the projective measurements in the following way:
i1 = g10g34, i2 = g1g38, i3 = g13g18, i4 = g24g29,
i5 = g26g30, i6 = g43, i7 = g44, i8 = g45, i9 = g46,
i10 = g47, where 20 photon pairs are used and V
operators are measured instead of singlet projections. In
case of full quantum state tomography, we would have
7TABLE II. The nonzero components of vectors β(n) for n =
2, 3, 4 (used for calculating moments Πn) corresponding to
components of vector ~x described in Tab. I.
n β
(2)
n n β
(3)
n n β
(3)
n n β
(4)
n n β
(4)
n n β
(4)
n
2 4 9 −6 61 −24 18 8 91 32 119 −32
3 −2 10 6 62 −24 19 16 92 16 122 −8
4 4 11 −6 67 24 29 4 93 −16 123 −8
5 −2 14 −6 77 12 30 4 94 24 125 −8
6 −2 15 6 97 6 38 8 95 8 126 −8
7 −2 16 −6 98 6 39 4 96 −8 129 16
13 −8 17 6 101 −6 40 4 99 −8 130 16
28 4 21 6 104 4 54 −32 100 −8 131 16
42 4 22 −6 105 −12 55 −32 102 −8 133 16
23 6 109 8 72 −8 103 −8 134 5 1
3
24 −6 120 −6 73 −8 106 16 135 −16
26 6 121 −6 74 −8 107 16 136 −16
27 −6 124 6 81 −8 108 16 137 32
31 6 127 −4 82 −8 110 16 138 −48
33 −6 128 12 83 32 111 5 1
3
139 32
35 −6 132 −8 84 −32 112 −16 140 16
36 6 85 8 113 −16 141 10 2
3
37 6 86 48 114 32 142 −32
44 −12 87 −16 115 −48 143 2
47 12 88 −16 116 32
48 24 89 −16 117 16
measured 20 of 60 required projective measurements
(i.e., 20 of 30 required tensor products of Pauli oper-
ators) while using the same number of photon pairs.
Thus, measuring subfidelity can be performed more
efficiently with interferometric method, without recourse
to full quantum-state tomography.
C. Trace distance
For measuring trace distance T (ρ1, ρ2) with our
method we would measure Πn for n = 2, 3, 4, then calcu-
late the eigenvalues of Λ as given by Eq. (11) by replacing
Λ with with a variable for which we solve the charac-
teristic equation. Finally, we would use definition (2).
The projections required for measuring Π3, are gn for n =
1, 3, 5, 6, 9, 11, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 25, 26, 27,
28, 30, 34, 38, 48, 49, 50, 53, 54, 55 and additionally n =
2, 4, 7, 8, 10, 12, 13, 24, 29, 43, 44, 45, 46, 47, 51, 52, 56, 57,
59, 60, 62, 63 for Π4. The total amount of projections
required to determine T via moments is 51 (using 104
photon pairs). This number is larger than 60 protective
measurements required for quantum state tomography.
Thus, measuring T with interferometric method is more
challenging than applying two-qubit tomography.
IV. CONCLUSIONS
In this paper we put forward a direct method for
measuring the lower bound (i.e., subfidelity [7]) of the
Uhlmann-Jozsa fidelity (equivalent to the Bures dis-
tance), Hilbert-Schmidt distance and trace distance for
arbitrary unknown mixed two-qubit states. Our proposal
of a experimentally-friendly method for direct measur-
ing the second-order overlaps of two arbitrary two-qubit
states enables the qualitative determination of their sim-
ilarity. In particular, we demonstrated that while having
access simultaneously to 12 photons, we could measure
Hilbert-Schmidt distance directly. To this date, experi-
ments utilizing interference of up to 16 photons in linear
optical circuts have been reported, see, e.g., [41]. This
lets us believe, that our method can be implemented ex-
perimentally. Distances between states can be utilized as
cost functions for optimization problems solved in quan-
tum machine learning [42, 43]. Thus, we believe that our
results can be useful in this context.
For Hilbert-Schmidt distance the number of required
projective measurements is 10, which is smaller than 60
required for full quantum state tomography of both two-
qubit states. In case of trace distance the number of
the required projective measurements is much larger. As
discussed in Sec. III, while analyzing both subfidelity
and Hilbert-Schmidt distance, many of the measurements
can be performed simultaneously. However, the example
of trace distance shows that many-particle interference
based method does not always outperform quantum state
tomography.
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